





















[7] section 2 ).
,
$\zeta(s_{1})\zeta(s_{2})=\zeta(s_{1}, s_{2})+\zeta(s_{2}, s_{1})+\zeta(s_{1}+s_{2})$




Mordell-Tornheim $s_{1},$ $s_{2},$ $s_{3}\in \mathbb{C}$
$\zeta_{MT,2}(s_{1}, s_{2}, s_{3})$ $:= \sum_{m_{1},m_{2}=1}^{\infty}\frac{1}{m_{1}^{s\iota}m_{2}^{s_{2}}(m_{1}+m_{2})^{s_{3}}}$ .
, , $\mathbb{C}^{3}$
([4]). $r$ Mordell-Tornheim $r$
, ([5] ).
, 1950 Tornheim ([12]) Mordell ([10]) $\zeta_{MT,2}(k_{1}, k_{2}, k_{3})$
( $k_{1},$ $k_{2},$ $k_{3}$ $0$ ) $\zeta(l)$
. $\zeta_{MT,2}(k, 0, l)=\zeta_{MT,2}(0, k, l)$
$\zeta(k, l)$ . $2^{s}\zeta_{MT,2}(s, s, s)$ $SL(3)$ Witten
$\zeta_{SL(3)}(s)$ ([18]).
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, Tornheim, Mordell ( )
. , $\chi-$
, 3, 4 , Mordell-Tornheim $L$ Dirichlet L-




( [8, 9] ).
2 $\zeta(2m)$ Euler





Euler $\zeta(2m)=\frac{(-1)^{m-1}2^{2m-1}\pi^{2m}}{(2m)!}B_{2m}(m\in N)$ .
( ) $\delta>0$ . $\forall u\in[1,1+\delta]$
$G_{1}(t;u)= \frac{2e^{t}}{e^{t}+u}=\sum_{n=0}^{\infty}\mathcal{E}_{n}(u)\frac{t^{n}}{n!}$ $(|t|<\pi)$
. $G_{1}(t;u)$ $t=\log u+(2n+1)\pi i(n\in \mathbb{Z})$ .
$\mathcal{E}_{0}(1)=1,$ $\mathcal{E}_{2j}(1)=0(j\in N)$ . (1)
$\forall\gamma\in(0, \pi)$ , $C_{\gamma}:=\{t\in \mathbb{C}||t|=\gamma\}$
$(2 \pi i)\frac{\mathcal{E}_{n}(u)}{n!}=$ $G_{1}(t;u)t^{-n-1}dt$ $(n\geq 0)$ .
$M_{1}$ $:= \max|G_{1}(t;u)|$ on $C_{\gamma}\cross[1,1+\delta]$
$\frac{|\mathcal{E}_{n}(u)|}{n!}\leq\frac{M_{1}}{\gamma^{n}}$ $(n\geq 0)$ (2)
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.$\phi(s;u)$ $:= \sum_{n=1}^{\infty}\frac{(-u)^{-n}}{n^{s}}(s\in \mathbb{C})$
. $u=1$ , $\phi(8;1)=(2^{1-s}-1)\zeta(s)$ . $u>1$ ,
$G_{1}(t;u)=-2 \sum_{n\geq 1}(-u)^{-n}e^{nt}=-2\sum_{m=0}^{\infty}\sum_{n\geq 1}(-u)^{-n}n^{m}\frac{t^{m}}{m!}$





$= \sum_{j=0}^{k-1}\phi(2k-2j;u)\frac{(i\theta)^{2j+1}}{(2j+1)!}-\frac{1}{2}\sum_{m=0}^{\infty}\mathcal{E}_{2m}(u)\frac{(i\theta)^{2m+2k+1}}{(2m+2k+1)!}$ . (3)
$|\theta|<\gamma<\pi$ $\gamma$ , (2) ,
$| \mathcal{E}_{2m}(u)\frac{(i\theta)^{2m+2k+1}}{(2m+2k+1)!}|$ $\leq M_{1^{\frac{(2m)!}{(2m+2k+1)!}}}(\frac{|\theta|^{2m+2k+1}}{\gamma^{2m}})$
$\leq\frac{M_{1}|\theta|^{2k+1}}{(2m+1)(2m+2)(2m+3)}$
, (3) $u\in[1,1+\delta]$ . (3)
$uarrow 1$ (1)
$I_{k}(i \theta;1)=\sum_{j=0}^{k-1}\phi(2k-2j;1)\frac{(i\theta)^{2j+1}}{(2j+1)!}-\frac{(i\theta)^{2k+1}}{2(2k+1)!}$ $(|\theta|<\pi)$ .






$A_{2m}$ $:= \phi(2m;1)\frac{(2m)!}{(i\pi)^{2m}}=(2^{1-2m}-1)\zeta(2m)\frac{(2m)!}{(i\pi)^{2m}}$ , (5)
$A_{0}=-1/2$ . (4) $\cross(2k+1)!(i\pi)^{-2k-1}$
$\sum_{j=0}^{k}(I)A_{2k-2j}=0(k\in N)$ .
$- \frac{t}{2}=\sum_{k=0}^{\infty}(\sum_{j=0}^{k}(\begin{array}{ll}2k +12j +1\end{array})A_{2k-2j}) \frac{t^{2k+1}}{(2k+1)!}=(\sum_{m=0}^{\infty}A_{2m}\frac{t^{2m}}{(2m)!})\frac{e^{t}-e^{-t}}{2}$
‘
$\frac{2t}{e^{t}-e^{-t}}=\frac{2te^{t}}{e^{2t}-1}=\sum_{m=0}^{\infty}(2-2^{2m})B_{2m^{\frac{t^{2m}}{(2m)!}}}$ .
$A_{2m}=2^{2m-1}(1-2^{1-2m})B_{2m}(m\in N)$ . (6)
(5), (6) Euler :
$\zeta(2m)=\frac{(-1)^{m-1}2^{2m-1}\pi^{2m}}{(2m)!}B_{2m}$
. (Q.E.D.)
, $G_{1}(t;u)$ , $I_{k}(i\theta;u)$ $u$
$\mathcal{E}_{2j}(1)=0(i\in N)$ . ,





A(Tornheim 1950 [12]) $k,$ $l\in N\cup\{0\}$ , N: $(\geq 3)$ u| , $\zeta_{MT,2}(k,$ $l,$ $N-$
$k-l)$ $\{\zeta(j)|j\in N, 2\leq i\leq N\}$ . (
Huard-Williams-Zhang [3])
1. $\zeta_{MT,2}(1,1,3)=4\zeta(5)-2\zeta(2)\zeta(3),$ $\zeta_{MT,2}(2,1,4)=-5\zeta(7)+3\zeta(2)\zeta(5)$ ,
$\zeta_{MT,2}(3,3,1)=4\zeta(7)-2\zeta(2)\zeta(5)$ .
$B$ (Mordell 1958 [10]) $k\in N$ , $\zeta_{MT,2}(2k, 2k, 2k)\in \mathbb{Q}\pi^{6k}$ .
(Subbarao-Sitaramachandrarao [11])
$\zeta_{MT,2}(2k,2k, 2k)=\frac{4}{3}\sum_{=0}^{k}j(\begin{array}{lll}4k -2j -1 2k -1\end{array}) \zeta(2j)\zeta(6k-2j)$ .
2. $\zeta_{MT,2}(2,2,2)=\frac{1}{2835}\pi^{6},$ $\zeta_{MT,2}(4,4,4)=\frac{19}{273648375}\pi^{12}$.
, $A\cdot B$ ([13]),
.
$k,$ $l\in N\cup\{0\},$ $l\geq 2$ ,
$\zeta_{MT,2}(k,l, s)+(-1)^{k}\zeta_{MT,2}(k, s,l)+(-1)^{l}\zeta_{MT,2}(l, s, k)$
$=2$ $\sum_{j=0,j\equiv k(2)}^{k}(2^{1-k+j}-1)\zeta(k-j)$
$\cross\sum_{\mu=0}^{b/2]}\frac{(i\pi)^{2\mu}}{(2\mu)!}(\begin{array}{ll}l-1+j -2\mu-j2\mu \end{array}) \zeta(l+j+s-2\mu)$
$-4$ $\sum_{j--0,j\equiv h(2)}^{k}(2^{1-k+j}-1)\zeta(k-j)\sum_{\mu=0}^{[(j-1)/2]}\frac{(i\pi)^{2\mu}}{(2\mu+1)!}$ $\sum_{\nuarrow 0,\nu=t\langle 2)}^{l}\zeta(l-\nu)$
$x(\begin{array}{lll}\nu -1+j -2\mu -j2\mu -1\end{array})\zeta(\nu+j+s-2\mu)$
, $s\in \mathbb{C}$ .
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$f_{fl13}(k, l)=(1,3),$ $(2,2),$ $(3,2)$ ,
$\zeta_{MT,2}(1,3, s)-\zeta_{MT,2}(1, s, 3)-\zeta_{MT,2}(3, s, 1)=2\zeta(2)\zeta(s+2)-4\zeta(s+4)$, (7)
$\zeta_{MT,2}(2,2, s)+2\zeta_{MT,2}(2, s, 2)=4\zeta(2)\zeta(s+2)-6\zeta(s+4)$ , (8)
$\zeta_{MT,2}(3, s, 2)-\zeta_{MT,2}(3,2, s)-(_{MT,2}(2, s, 3)=10\zeta(s+5)-6\zeta(2)\zeta(s+3).$ (9)
(7) $s=3,$ (8) $s=2$ 1, 2 :
$\zeta_{MT,2}(3,3,1)=4\zeta(7)-2\zeta(2)\zeta(5)$ , $\zeta_{MT,2}(2,2,2)=\frac{1}{2835}\pi^{6}$ .








$\zeta_{MT,2}(1, s, 3)-(MT,2(1,3, s)+(MT,2(3, s, 1)$
$+ \zeta_{MT,2}(2, s, 2)+\frac{1}{2}\zeta_{MT,2}(2,2, s)=\zeta(s+4)$ (10)
$\zeta(s)$ (10) ( ) .
4
Section 1 , .
$(k, l)=(1,2)$
$\zeta_{MT,2}(1,2, s)-\zeta_{MT,2}(1, s, 2)+\zeta_{MT,2}(2, s, 1)=-4\zeta(s+3)+2\zeta(2)\zeta(s+1)$ (11)
. [15] .
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Hurwitz-Lerch . $\forall s,$ $z\in \mathbb{C}(|z|\leq 1)$ ,
$\forall a\in(0,1]$
$\Psi(s;z, a)$ $:= \sum_{n=0}^{\infty}\frac{z^{n}}{(n+a)^{s}}$ .
,
$\phi(s;u)=\sum_{m=1}^{\infty}\frac{(-u)^{-m}}{m^{s}}=\Psi(s;-u^{-1},1)$ .
$\Psi(s;z, a)$ (see [2]) .
1 ${\rm Re}(s)<0,$ $u\in[1,1+\delta]$
$\phi(s;u)=\frac{\Gamma(1-s)}{\pi^{1-\iota}}\{e^{\pi i(\epsilon-1)/2}\sum_{j=1}^{\infty}(2j-1+\frac{\log u}{\pi i})^{s-1}$
$+e^{-\pi i(\epsilon-1)/2} \sum_{j=1}^{\infty}(2j-1-\frac{\log u}{\pi i})^{s-1}\}$ . (12)
$\forall c\in[0,1)$
$\lim_{marrow\infty}|\sum_{j=1}^{\infty}\frac{1}{(2j-1\pm_{\pi i}\underline{10}g\underline{u})^{m-\epsilon+1}}|\leq 1$
, (12) $s=c-n(n\in N)$ , $u$ $M=M(c)>0$
,
$| \frac{\phi(c-n;u)}{\Gamma(1+n-c)}|\leq M\pi^{c-n-1}$ $(n\in N)$ .
$|\Gamma(1+n-c)|\leq n!|\Gamma(1-c)|$ ,
$| \frac{\phi(c-n;u)}{n!}|\leq M|\Gamma(1-c)|\pi^{c-n-1}$ $(n\in N)$ (13)
. Polylogarithm
. $[8, 9]$ ” ”
prototype .
$r\in R(r\geq 1),$ $u\in[1,1+\delta]$
$F_{1}(t;r;u)$ $:= \sum_{m=1}^{\infty}\frac{(-u)^{-m}e^{mt}}{m^{r}}$ .
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, $u=1,$ $t=\log x+i\pi,$ $r=k\in N$ , $F_{1}(\log x+i\pi;k;1)$ Polylogarithm
$Li_{k}(x)$ . $u\in(1,1+\delta$], $\theta\in(-\pi, \pi)$ , $e^{mi\theta}$ Maclaurin
,
$F_{1}(i \theta;r;u)=\sum_{m=1}^{\infty}\frac{(-u)^{-m}}{m^{r}}\sum_{N=0}^{\infty}m^{N}\frac{(i\theta)^{N}}{N!}$
$= \sum_{N=0}^{\infty}\phi(r-N;u)\frac{(i\theta)^{N}}{N!}$ . (14)
(14) $u\in[1,1+\delta]$ . (13) $r=l+c$




, $F_{1}(t;r;u)$ . Polylogarithm
, $r=k\in N$ .
, ( ) $r$ .
(15) $r=1$
$I_{0}(t;u)= \frac{1}{2i}(F_{1}(t;1;u)-F_{1}(-t;1;u))$
, $t=i\theta(\theta\in(-\pi, \pi))$ , (3)
$I_{0}(i \theta;u)=\sum_{m=1}^{\infty}\frac{(-u)^{m}\sin(m\theta)}{m}=\sum_{j=0}^{\infty}\phi(-2j;u)\frac{(-1)^{j}\theta^{2j+1}}{(2j+1)!}$
$arrow\phi(0;1)\theta=-\frac{1}{2}\theta(uarrow 1)$ (16)
. $\phi(-2j;1)=0(j\in N)$ . $r\in R(\geq 1)$ ,
$G_{2}(t;r;u)=(I_{0}(t;u)+ \frac{1}{2i}t)F_{1}(t;r;u)$ (17)
, $G_{2}(t;r;u)$ $\{t\in \mathbb{C}||t|<\pi\}$ , (16) $\theta\in(-\pi, \pi)$
$G_{2}(i\theta;r;u)arrow 0(uarrow 1)$ . (18)
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$G_{2}(t;r;u)$ , \S 1 $G_{1}(t;u)$ .




$s_{1},$ $s_{2},$ $s_{3}\in \mathbb{C},$ $u\in[1,1+\delta]$
$S(s_{1}, s_{2}, s_{3};u):= \sum_{m,n=1}^{\infty}\frac{(-u)^{-m-n}}{m^{s_{1}}n^{\iota_{2}}(m+n)^{\epsilon_{3}}}$,





$\{\begin{array}{l}n>m\Rightarrow l:=n-m\Rightarrow n=m+ln<m\Rightarrow l:=m-n\Rightarrow m=n+ln=m\Rightarrow n-m=0\end{array}$








$G_{2}(i \theta;r;u)=\frac{1}{2i}\sum_{N=0}^{\infty}\{S(1,r, -N;u)-R(1, -N,r;u)$
$-(-1)^{N}R(r, -N, 1;u)+N \phi(r+1-N;u)\}\frac{(i\theta)^{N}}{N!}$
$- \frac{1}{2i}\sum_{m=1}^{\infty}\frac{u^{2m}}{m^{r+1}}$ . (20)
$u\in(1,1+\delta$], $n\in \mathbb{Z}$
$\mathcal{E}_{n}^{2}(r;u)\sim=S(1,r, -n;u)-R(1, -n,r;u)$
$-(-1)^{n}R(r, -n, 1;u)+n\phi(r+1-n;u)$ (21)
. $n\leq-1$ , $\mathcal{E}_{n}^{2}(r;1)\sim$ (21) . (20)
$G_{2}(i \theta;r;u)=\frac{1}{2i}\sum_{N=0}^{\infty}\tilde{\mathcal{E}}_{N}^{2}(r;u)\frac{(i\theta)^{N}}{N!}-\frac{1}{2i}\sum_{m=1}^{\infty}\frac{u^{2m}}{m^{r+1}}$ .
$G_{2}$ , $u$ . $uarrow 1$ , (18)




$= \sum_{N=0}^{\infty}\tilde{\mathcal{E}}_{2N-2}^{2}(r;u)\frac{(-1)^{N}\theta^{2N+1}}{(2N+1)!}$ . (23)
, (21) . (23) $\theta\in(-\pi, \pi)$ , $u\in$
$(1,1+\delta]$ , $uarrow 1$ , (22)
.
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2 , $\theta\in(-\pi, \pi)$ ,
$\sum_{m,n=1}^{\infty}\{\frac{(-1)^{m+n}\sin((m+n)\theta)}{mn^{r}(m+n)^{3}}-\frac{(-1)^{n}\sin(n\theta)}{mn^{3}(m+n)^{r}}-\frac{(-1)^{n}\sin(n\theta)}{m^{r}n^{3}(m+n)}\}$
$- \{3\sum_{m=1}^{\infty}\frac{(-1)^{m}\sin(m\theta)}{m^{r+4}}-\theta\sum_{m=1}^{\infty}\frac{(-1)^{m}\cos(m\theta)}{m^{r+3}}\}$
$= \mathcal{E}_{-2}^{2}(r;1)\theta-\zeta(r+1)\frac{\theta^{3}}{3!}\sim$ . (24)
(24) $\theta\in[-\pi, \pi]$ , $\thetaarrow\pi$ ,
$\pi\zeta(r+3)=\mathcal{E}_{-2}^{2}(r;1)\pi-\zeta(r+1)\frac{\pi^{3}}{6}\sim$ .
$\mathcal{E}_{-2}^{2}(r;u)\sim=\zeta(r+3)+\zeta(2)\zeta(r+1)$ . (25)





$\zeta_{MT,2}(1, r, 2)-\zeta_{MT,2}(1,2, r)-\zeta_{MT,2}(r, 2,1)-3\zeta(r+3)$
$= \tilde{\mathcal{E}}_{-2}^{2}(r;1)-\zeta(r+1)\frac{\pi^{2}}{2}=\zeta(r+3)-2\zeta(2)\zeta(r+1)$ .
$\zeta_{MT,2}(s_{1}, s_{2}, s_{3}),$ $\zeta(s)$ , possible poles
([4, 5]), $(-1)$ , $r$ $s\in \mathbb{C}$
, $(k, l)=(1,2)$ (11) .
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5 Mordell-Tornheim $L$
$L$ . [1] ,
, $L$ , Mordell-
Tornheim $L$ .
$\chi,$ $\psi$:Dirichlet ;
$L_{MT,2}^{uI}(s_{1}, s_{2}, s_{3}; \chi, \psi):=\sum_{m_{1},m_{2}=1}^{\infty}\frac{\chi(m_{1})\psi(m_{2})}{m_{1}^{s_{1}}m_{2^{2}}^{\epsilon}(m_{1}+m_{2})^{\epsilon_{3}}}$ ,
$L_{MT,2}^{*}(s_{1}, s_{2}, s_{3};\chi,\psi)$ $:= \sum_{m_{1},m_{2}=1}^{\infty}\frac{\chi(m_{1})\psi(m_{1}+m_{2})}{m_{1}^{\epsilon_{1}}m_{2^{2}}^{\epsilon}(m_{1}+m_{2})^{s}\}$ .
$s_{2}=0$ - $L$ . $L_{MT,2}^{\bm{m}}$ Maoxiang Wu
(Matsumoto’s method ) $\mathbb{C}^{3}$
([7, 17]). $L_{MT,2}^{*}$ . $\chi_{3},$ $\chi_{4}$
3, 4 Dirichlet , \S 3 , .
. ( ) $s\in \mathbb{C}$
$L_{MT,2}^{\iota u}(1, s, 2;\chi_{3}, \chi_{3})+L_{MT,2}^{*}(1,2, s;\chi_{3}, \chi_{3})+L_{MT,2}^{*}(s, 2,1;\chi_{3}, \chi_{3})$
$=-L(s+3; \chi_{3}^{2})+3L(1;\chi_{3})L(s+2;\chi_{3})-\frac{3}{4}L(2;\chi_{3}^{2})L(s+1;\chi_{3}^{2})$ ,











$L_{MT,2}^{nJ}(2, s, 3;\chi_{4}^{2}, \chi_{4}^{2})+L_{MT,2}^{*}(2,3, s;\chi_{4}^{2}, \chi_{4}^{2})-L_{MT,2}^{*}(s, 3,2;\chi_{4}^{2}, \chi_{4}^{2})$
$= \frac{10}{3}L(s+3, \chi_{4}^{2})L(2, \chi_{4}^{2})-4L(s+5, \chi_{4}^{2})$
([16]). $s=2$
$L_{MT,2}^{\iota n}(2,2,3; \chi_{4}^{2}, \chi_{4}^{2})=\frac{10}{3}L(5, \chi_{4}^{2})L(2, \chi_{4}^{2})-4L(7, \chi_{4}^{2})$
$(= \frac{155}{64}\zeta(5)\zeta(2)-\frac{127}{32}\zeta(7))$
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, depth $n$ Parity result (
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